Abstract. We show that if G × M → M is a cohomogeneity one action of a compact connected Lie group G on a compact connected manifold M then H * G (M ) is a Cohen-Macaulay module over H * (BG). Moreover, this module is free if and only if the rank of at least one isotropy group is equal to rank G. We deduce as corollaries several results concerning the usual (de Rham) cohomology of M , such as the following obstruction to the existence of a cohomogeneity one action: if M admits a cohomogeneity one action, then χ(M ) > 0 if and only if H odd (M ) = {0}.
Introduction
Let G be a compact connected Lie group which acts on a compact connected manifold M , the cohomogeneity of the action being equal to one; this means that there exists a G-orbit whose codimension in M is equal to one. For such group actions, we investigate the corresponding equivariant cohomology H * G (M ) (the coefficient ring will always be R). We are especially interested in the natural H * (BG)-module structure of this space. The first natural question concerning this module is whether it is free, in other words, whether the G-action is equivariantly formal. One can easily find examples which show that the answer is in general negative. Instead of being free, we may also wonder whether the above-mentioned module satisfies the (weaker) requirement of being Cohen-Macaulay. It turns out that the answer is in our context always positive: this is the main result of our paper. Before stating it, we mention that the relevance of the Cohen-Macaulay condition in equivariant cohomology was for the first time noticed by Bredon [9] , inspired by Atiyah [6] , who had previously used this notion in equivariant K-theory. It has also attracted attention in the theory of equivariant cohomology of finite group actions, see e.g. [13] . More recently, group actions whose equivariant cohomology satisfies this requirement have been investigated in [16] , [19] , and [18] . We adopt the terminology already used in those papers: if a group G acts on a space M in such a way that H * G (M ) is a Cohen-Macaulay H * (BG)-module, we simply say that the G-action is Cohen-Macaulay. manifold with the property that all isotropy groups have the same rank is CohenMacaulay. Consequently, if the G-action is transitive, then it is Cohen-Macaulay (see also Proposition 2.6 and Remark 2.8 below). We deduce: Corollary 1.2. Any action of a compact connected Lie group on a compact connected manifold whose cohomogeneity is zero or one is Cohen-Macaulay.
We also note that actions of cohomogeneity two or larger are not necessarily Cohen-Macaulay: examples already appear in the classification of T 2 -actions on 4-manifolds by Orlik and Raymond [39] , see Example 4.3 in this paper.
In general, a group action is equivariantly formal if and only if it is CohenMacaulay and the rank of at least one isotropy group is maximal, i.e. equal to the rank of the acting group (cf. [18] , see also Proposition 2.9 below). This immediately implies the following characterization of equivariant formality for cohomogeneity one actions:
Corollary 1.3. A cohomogeneity one action of a compact connected Lie group on a compact connected manifold is equivariantly formal if and only if the rank of at least one isotropy group is maximal.
Corollary 1.3 shows that the cohomogeneity one action G × M → M is equivariantly formal whenever M satisfies the purely topological condition χ(M ) > 0 (indeed, it is known that this inequality implies the condition on the rank of the isotropy groups in Corollary 1.3). Extensive lists of cohomogeneity one actions on manifolds with positive Euler characteristic can be found for instance in [3] and [15] . The above observation will be used to obtain the following obstruction to the existence of a group action on M of cohomogeneity zero or one. This topic is addressed in Subsection 5.1.1 below. We also mention that, if M is as in Corollary 1.4, then χ(M ) > 0 implies that π 1 (M ) is finite, see Lemma 5.5. By classical results of Hopf and Samelson [30] , respectively Borel [7] , the fact that χ(M ) > 0 implies both H odd (M ) = {0} and the finiteness of π 1 (M ) holds true also in the case when M admits an action of a compact Lie group which is transitive, i.e. of cohomogeneity equal to zero. This shows, for example, that there is no compact connected Lie group action with cohomogeneity zero or one on a compact manifold with the rational homology type of the connected sum (S 1 ×S 3 )#(S 2 ×S 2 ). However, the 4-manifold R(1, 0) of Orlik and Raymond [39] mentioned in Example 4.3 is homeomorphic to this connected sum and has a T 2 -action of cohomogeneity two. Thus, the equivalence of χ(M ) > 0 and H odd (M ) = {0} holds no longer for group actions with cohomogeneity greater than one.
It should be noted that Corollary 1.4 is not a new result, as it follows also from a result of Grove and Halperin [22] about the rational homotopy of cohomogeneity one actions, see Remark 5.4 below.
The situation when M is odd-dimensional is discussed in Subsection 5.2. In this case, equivariant formality is equivalent to rank H = rank G, where H denotes a regular isotropy of the G-action. We obtain a relation involving dim H * (M ), the Euler characteristic of G/H and the Weyl group W of the cohomogeneity one action: see Corollary 5.13. This will enable us to obtain some results for cohomogeneity one actions on odd-dimensional rational homology spheres.
Finally, in Subsection 5.3 we show that for a cohomogeneity one action G× M → M , the H * (BG)-module H * G (M ) is torsion free if and only if it is free. We note that the latter equivalence is in general not true for arbitrary group actions: this topic is investigated in [1] and [17] .
2.1. Criteria for equivariant formality. The following result is known. We state it for future reference and sketch a proof for the reader's convenience. It also involves T , which is a maximal torus of G. 
Proof. A key ingredient of the proof is the Leray-Serre spectral sequence of the bundle If R is a graded *local Noetherian graded ring, one can associate to any finitely generated graded Rmodule A its Krull dimension, respectively depth (see e.g. [10, Section 1.5]). We always have that depth A ≤ dim A, and if dimension and depth coincide, then we say that the finitely-generated graded R-module A is a Cohen-Macaulay module over R. The following result is an effective tool frequently used in this paper:
is a short exact sequence of finitely generated R-modules, then we have: Lemma 2.5. Let R and S be two Noetherian graded *local rings and let ϕ : R → S be a homomorphism that makes S into an R-module which is finitely generated. If A is a finitely generated S-module, then we have:
In particular, A is Cohen-Macaulay as R-module if and only if it is Cohen-Macaulay as S-module.
We say that the group action G×M → M is Cohen-Macaulay if H * G (M ) regarded as H * (BG)-module is Cohen-Macaulay. The relevance of this notion for the theory of equivariant cohomology was for the first time noticed by Bredon in [9] . Other references are [16] , [18] , and [19] .
The following result gives an example of a Cohen-Macaulay action, which is important for this paper. We first note that if G is a compact Lie group and K ⊂ G a subgroup, then there is a canonical map BK → BG induced by the presentations BG = EG/G and BK = EG/K. . Proposition 2.6 is now a direct consequence of Lemma 2.5 and the well-known fact that the G-equivariant cohomology of a compact manifold is a finitely generated H * (BG)-module, see e.g. [42] .
In general, if a group action G×M → M is equivariantly formal, then it is CohenMacaulay. The next result, which is actually Proposition 2.5 in [18] , establishes a more precise relationship between these two notions. It also involves
Proposition 2.9. ([18]) A G-action on M is equivariantly formal if and only if it is Cohen-Macaulay and
Note, in particular, that the G-action on G/K mentioned in Proposition 2.6 is equivariantly formal if and only if rank K = rank G.
Topology of transitive group actions on spheres
The following proposition will be needed in the proof of the main result. It collects results that, in a slightly more particular situation, were obtained by Samelson in [43] . 
Proof. In the case when both K and H are connected, the result follows from [43, Satz IV] along with [7, Section 21 , Corollaire] and [7, Proposition 28.2] . From now on, K or H may be non-connected. We distinguish the following three situations. Case 1: m ≥ 2. Let K 0 be the identity component of K. The induced action of K 0 on S m is also transitive, because its orbits are open and closed in the K-orbits. We deduce that we can identify K 0 /(K 0 ∩H) with S m . Since the latter sphere is simply connected, the long exact homotopy sequence of the bundle
shows that K 0 ∩H is connected. This implies that K 0 ∩H is equal to H 0 , the identity component of H, and we have the identification K 0 /H 0 = S m . This implies the assertions concerning the ranks.
Let us now consider the long exact homotopy sequence of the bundle H → K → S m and deduce from it that the map π 0 (H) → π 0 (K) is a bijection. This means that H and K have the same number of connected components, thus we may set Γ :
is then Γ-equivariant as well, hence it maps Γ-invariant elements to Γ-invariant elements. We have
We will now show that if m is odd, then the latter map is surjective. Indeed, since π * is surjective, for any 
Choosing an Ad K -invariant scalar product on k, we obtain an orthogonal decomposition k = h ⊕ Rv, where v ∈ h ⊥ . The Ad-invariance implies that h is an ideal in k and v a central element.
Clearly, g is a polynomial on k that restricts to f on h; for the desired surjectivity we therefore only need to show that g is K-invariant. As K/H ∼ = S 1 is connected, K is generated by its identity component K 0 and H. Note that both the H-and the K 0 -action respect the decomposition k = h ⊕ Rv. The H-invariance of f therefore implies the H-invariance of g. Also, the adjoint action of k on h is the same as the adjoint action of h (the Rv-summand acts trivially), so f is K 0 -invariant, which implies that g is K 0 -invariant. Case 3: m = 0. Since rank H = rank K, a maximal torus T ⊂ H is also maximal in K. The injectivity of H * (BK) → H * (BH) follows from the identifications
Cohomogeneity one actions are Cohen-Macaulay
In this section we prove Theorem 1.1. There are two possibilities for the orbit space M/G: it can be diffeomorphic to the circle S 1 or to the interval [0, 1]. If M/G = S 1 , Theorem 1.1 follows readily from [18, Corollary 4.3] and the fact that all isotropy groups of the G-action are conjugate to each other.
From now on we assume that M/G = [0, 1]. We start with some well-known considerations which hold true in this case. One can choose a G-invariant Riemannian metric on M and a geodesic γ perpendicular to the orbits such that Gγ(0) and Gγ(1) are the two nonregular orbits, and such that γ(t) is regular for all t ∈ (0, 1). Let
, and H be the regular isotropy G γ on γ. We have H ⊂ K ± . The group diagram G ⊃ K − , K + ⊃ H determines the equivariant diffeomorphism type of the G-manifold M . More precisely, by the slice theorem, the boundaries of the unit disks D ± in the normal spaces ν γ(0) Gγ(0),
The space M can be realized by gluing the tubular neighborhoods
. We are in a position to prove the main result of the paper in the remaining case:
Proof of Theorem 1.1. in the case when M/G = [0, 1]. We may assume that the rank of any G-isotropy group is at most equal to b := rank K − , i.e. we have
By Proposition 3.1, we have rank K − − rank H ≤ 1 and consequently rank H ∈ {b − 1, b} (alternatively, we can use [40, Lemma 1.1]). If rank H = b, then all isotropy groups of the G-action have the same rank and Theorem 1.1 follows from [18, Corollary 4.3] . From now on we will assume that (2) rank
This implies that the quotient K − /H is odd-dimensional, that is, ℓ − is an odd integer. By Proposition 3.1 (b), the homomorphism H * (BK − ) → H * (BH) is surjective. On the other hand, the Mayer-Vietoris sequence of the covering of M with two tubular neighborhoods around the singular orbits can be expressed as follows:
, hence the last map in the above sequence is surjective. Thus the Mayer-Vietoris sequence splits into short exact sequences of the form:
We analyze separately the two situations imposed by equations (1) 
We deduce that the long exact sequence of the pair (M, G/K − ) splits into short exact sequences, i.e. the following sequence is exact:
By excision, H *
is its boundary (i.e. S + is the boundary of D + ). We have the isomorphism 
is a direct sum-
Combining this theorem with Proposition 2.9, we also immediately obtain Corollary 1.3.
The following statement was shown in the above proof; we formulate it as a separate proposition because we will use it again later. 
We end this section with an example which concerns Corollary 1.2. It shows that if the cohomogeneity of the group action is no longer smaller than two, then the action is not necessarily Cohen-Macaulay. Example 4.3. The T 2 -manifold R(1, 0) appears in the classification of T 2 -actions on 4-manifolds by Orlik and Raymond [39] . It is a compact connected 4-manifold, homeomorphic to the connected sum (S 1 ×S 3 )#(S 2 ×S 2 ). The T 2 -action on R(1, 0) is effective, therefore of cohomogeneity two, and has exactly two fixed points. The action is not Cohen-Macaulay, because otherwise it would be equivariantly formal (as it has fixed points); as the fixed point set is finite, this would imply using Proposition 2.2 that H odd (R(1, 0)) = {0}, contradicting H 1 (R(1, 0)) = R.
Equivariantly formal actions of cohomogeneity one
In this section we present some extra results in the situation when M/G = [0, 1] and the action G × M → M is equivariantly formal. By Corollary 1.3, this is equivalent to the fact that the rank of at least one of K − and K + is equal to the rank of G.
5.1.
The case when M is even-dimensional.
Cohomogeneity-one manifolds with positive Euler characteristic.
A discussion concerning the Euler characteristic of a compact manifold (of arbitrary dimension) admitting a cohomogeneity one action of a compact connected Lie group can be found in [3, Section 1.2] (see also [15, Section 1.3] ). By Proposition 1.2.1 therein we have , 1] , and the G-action is equivariantly formal.
These conditions imply that
Proof. The equivalence of (i) and (iii) follows from the previous considerations and Corollary 1.3. Let us now assume that χ(M ) > 0. Then (iii) holds: consequently, rank H = rank G − 1 and the space M max is either
T , depending on the rank of K − and K + . As M T is in particular finite, the equivariant formality of the G-action is the same as the condition H odd (M ) = {0} (see Proposition 2.2), and (ii) follows. The last assertion in the corollary follows readily from Equation (5).
Remark 5.2. Note that by the classical result of Hopf and Samelson [30] concerning the Euler-Poincaré characteristic of a compact homogeneous space, along with the formula of Borel given by Equation (7) below, the topological obstruction given by the equivalence of (i) and (ii) holds true also for homogeneity, i.e., the existence of a transitive action of a compact Lie group.
We remark that the equivalence of (i) and (ii) is no longer true in the case when M only admits an action of cohomogeneity two. Consider for example the cohomogeneity two T 2 -manifold R(1, 0) mentioned in Example 4.3: since it is homeomorphic to (
, its Euler characteristic is equal to 2, and the first cohomology group is R. Proof. We may assume that rank K − = rank G. Consider the tubular neighborhoods of the two non-regular orbits G/K + , respectively G/K − mentioned before: their union is the whole M and their intersection is G-homotopic to a principal orbit G/H. The inclusions of the intersection into each of the two neighborhoods induce between the first homotopy groups the same maps as those induced by the canonical projections ρ
. These are the maps ρ
The long exact homotopy sequence of this bundle implies readily that the map ρ − * is surjective. From the Seifert-van Kampen theorem we deduce that π 1 (M ) is isomorphic to π 1 (G/K + )/A, where A is the smallest normal subgroup of π 1 (G/K + ) which contains ρ + * (ker ρ − * ) (see e.g. [37, Exercise 2, p. 433]).
As above, this implies that ρ + * is surjective. Consequently, the map
+ * is surjective as well. On the other hand, rank G = rank K − implies that π 1 (G/K − ) is a finite group. Thus, π 1 (G/K + )/A is a finite group as well. Case 2: dim K + = dim H. We have K + /H = S 0 , which consists of two points, thus ρ + is a double covering. This implies that ρ + * is injective and its image, ρ
is equal to the index of ker ρ − * in π 1 (G/H), which is finite (being equal to the cardinality of π 1 (G/K − )). Thus, the quotient π 1 (G/K + )/ρ + * (ker ρ − * ) is a finite set. Finally, we only need to take into account that the canonical projection . By Corollary 1.3 and Proposition 5.1, the G-action is equivariantly formal and H odd (M ) = {0}. This however is not a new result as by Verdiani [47] , M is already covered by a rank one symmetric space.
5.1.2.
Cohomology. Consider again the situation that M is a compact even-dimensional manifold admitting a cohomogeneity one action of a compact connected Lie group G such that M/G = [0, 1] and that at least one isotropy rank equals the rank of G. In this section we will give a complete description of the Poincaré polynomial of M , purely in terms of G and the occurring isotropy groups, and eventually even of the ring H * (M ).
, and the rank of at least one of K − and K + equals the rank of G, then the Poincaré polynomial of M is given by
.
In particular, P t (M ) only depends on the abstract Lie groups G, K ± , H, and not on the whole group diagram.
Proof. Assume that rank K − = rank G. Since the pincipal orbit G/H is odddimensional, and rank H ∈ {rank K − , rank K − − 1} (see Proposition 3.1), we actually have rank H = rank K − − 1. Hence by Proposition 4.1, the Mayer-Vietoris sequence (3) is exact, which implies that the G-equivariant Poincaré series of M is
We only need to observe that, since the G-action on M is equivariantly formal, Proposition 2.1 (b) implies that
Remark 5.8. In case H is connected, the above description of P t (M ) can be simplified as follows. Assume that rank K − = rank G. Then rank H = rank K − − 1, and we have that K − /H = S ℓ− is an odd-dimensional sphere. Consequently, the Gysin sequence of the spherical bundle K − /H → BH → BK − splits into short exact sequences, which implies readily that P t (BH) = (1 − t ℓ−+1 )P t (BK − ). Similarly, if also the rank of K + is equal to the rank of G, then P t (BH) = (1 − t ℓ++1 )P t (BK + ) and we obtain the following formula:
Numerous examples of cohomogeneity one actions which satisfy the hypotheses of Proposition 5.7 can be found in [3] and [15] (since the condition on the isotropy ranks in Proposition 5.7 is equivalent to χ(M ) > 0, see Proposition 5.1). Proposition 5.7 allows us to calculate the cohomology groups of M in all these examples. We will do in detail one such example: (2), and H = SO(2n − 1). The following can be found in [36, Ch. III, Theorem 3.19]:
We have ℓ − = 2n − 1 and ℓ + = 1, and consequently, using Remark 5.8, we obtain the following description of the Poincaré series of the corresponding manifold M :
Let us now use equivariant cohomology to determine the ring structure of H * (M ) in the case at hand. In Corollary 4.2 we determined the S(g * ) G -algebra structure of H * G (M ), and because of Proposition 2.1 (c), the ring structure of H * (M ) is encoded in the S(g * ) G -algebra structure. The following proposition follows immediately. 
Remark 5.11. Recall that the cohomology ring of a homogeneous space G/K where G, K are compact and connected, such that rank G = rank K, is described by Borel's formula [7] as follows:
The above description of the ring H * (M ) can be considered as a version of Borel's formula for cohomogeneity one manifolds. Equation (7) is particularly simple in the case when K = T , a maximal torus in G. Namely, if t is the Lie algebra of T and W (G) the Weyl group of G, then
is the ideal of S(t * ) generated by the non-constant W (G)-invariant polynomials. The following example describes the cohomology ring of a space that can be considered the cohomogeneity one analogue of G/T . It also shows that the ring H * (M ) depends on the group diagram, not only on the isomorphism types of G, K ± , and H, like the Poincaré series, see Proposition 5.7 above.
Example 5.12. Let G be a compact connected Lie group, T a maximal torus in G, and H ⊂ T a codimension one subtorus. The cohomogeneity one manifold corresponding to G, K − = K + := T , and H is M = G × T S 2 , where the action of T on S 2 is determined by the fact that H acts trivially and T /H acts in the standard way, via rotation about a diameter of S 2 : indeed, the latter T -action has the orbit space equal to [0, 1], the singular isotropy groups both equal to T , and the regular isotropy group equal to H; one uses [28, Proposition 1.6] . Let h be the Lie algebra of H and pick v ∈ t such that t = h ⊕ Rv. Consider the linear function α : t → R along with the action of Z 2 = {1, −1} on t given by α(w + rv) = r, (−1).(w + rv) = w − rv, for all w ∈ h and r ∈ R. We denote the induced Z 2 -action on S(t * ) by (−1).f =:f , for all f ∈ S(t * ). Corollary 4.2 induces the H
and the right hand side is, as an S(t * )-algebra, isomorphic to H * T (S 2 ), where the T -action on S 2 is the one described above. Note that T /H can be embedded as a maximal torus in SO(3), in such a way that the latter group acts canonically on S 2 and induces the identification S 2 = (H × SO(3))/T . We apply [25, Theorem 2.6] for this homogeneous space and deduce that the map S(t
is given by inclusion into the first factor. By Corollary 4.2 (b), we have the ring isomorphism
To obtain descriptions in terms of generators and relations we need an extra variable u with deg u = 2 and also a set of Chevalley generators [11] of S(t * ) W , call them f 1 , . . . , f k , where k := rank G. We have:
We observe that, even though H
As each component of M
T is a circle and therefore contributes with 2 to dim H * (M T ), we obtain from Proposition 2. Let us now consider the case when M is a rational homology sphere. Examples of cohomogeneity one actions on such spaces can be found in [23] (see particularly Table E, for linear actions, and Table A for actions on the Berger space B 7 = SO(5)/SO(3) and the seven-dimensional spaces P k ); the Brieskorn manifold W 2n−1 (d) with d odd and the SO(2) × SO(n) action defined in [32] is also an example; finally, several of the 7-dimensional Z 2 -homology spheres that appear in the classification of cohomogeneity one actions on Z 2 -homology spheres by Asoh [4, 5] are also rational homology spheres. As usual in this section, we assume that rank H = rank G. Under these hypotheses, Corollary 5.13 implies that |W | = χ(G/H). In fact, the latter equation holds under the (seemingly) weaker assumption that the codimensions of both singular orbits are odd, as it has been observed in [41, Section 1] . Combining this result with Corollary 5.13 we have: (i) M is a rational homology sphere and rank H = rank G.
(ii) M is a rational homology sphere and the codimensions of both singular orbits are odd.
(iii) |W | = χ(G/H).
In any of these cases, the dimension of M is odd and the G-action is equivariantly formal.
Let us now observe that for a general cohomogeneity one action with M/G = [0, 1], the Weyl group is contained in N (H)/H. The previous results allow us to make some considerations concerning whether the extra assumption rank G = rank H implies that W = N (H)/H. The following example shows that this is not always the case. 
